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In this paper a formulation has been presented to obtain the non-stationary response of a single degree of freedom system resting on a 
single layered soil medium and subjected to simultaneous horizontal and vertical seismic excitations. The wavelet based analytical 
technique using the modified Littlewood-Paley function has been adopted to characterize the seismic ground motions. Subsequently, 
the system equations have been solved in wavelet domain and closed form solutions for the response of the structure have been 
derived. The response has been calculated using wavelet based formulation and the traditional complex valued transfer function. A 
numerical example is also presented in which a number of parametric variations have been carried out to observe the effect of change 
of the shear wave velocity of the soil, the ratio of the mass of the structure to the mass of the foundation, the natural frequency of 
vibration of the structure and the radius of the footing on the responses of the structure. The present formulation would allow the 
geotechnical earthquake engineers to estimate accurately the response of the structure and the foundation and their nature due to the 






Several studies have been conducted in the recent years to 
assess the response of structures subjected to earthquake 
ground motions accounting for soil interaction (Abdel-Ghaffar 
and Elgamal (1987), Peek and Jennings (1988), Ghiocel and 
Ghanem (2002), Kotsoglou and Pantazopoulou (2007), 
Spyrakos et al (2008)). However, these studies lacked in two 
important ingredients – the non-stationarities in amplitude and 
frequency content of input excitation have not been considered 
and the seismic excitations considered were uni-directional. 
The non-stationary effects of the seismic motions have been 
tackled in various ways in some other studies (Chatterjee and 
Basu (2001, 2004, 2006), Allam and Datta (2004)), yet again 
most of these studies did not take into account the possibility 
of having seismic motions in more than one direction. Other 
research have been carried out to obtain the dynamic response 
of soil-structure system subjected to multi-component ground 
motions (Jangid (2001), Shrimali and Jangid (2002), Magliulo 
and Ramasco (2007), Lin and Tsai (2008)) but without 
considering the amplitude or frequency non-stationarities. This 
paper makes the use of wavelet-based random vibration theory 
to present a formulation with a view to obtaining the non-
stationary seismic response of a single-degree-of-freedom 
(SDOF) system supported on soil surface and subjected to 
vertical and horizontal components of seismic excitation at the 
same time. The ground motions have been characterized by 
wavelet analysis technique. An equivalent lumped mass 
parameter model with linear elastic spring stiffness and 
damping is adopted and the system equations are subsequently 
formulated and solved in wavelet domain. The stochastic 
largest peak displacement of the structure to the ground 
motion has been obtained for various parameters like 
dimensionless frequency of excitation, ratio of structural mass 
to foundation mass, structural frequency and ratio of the 
height of the structure to the radius of the foundation to make 





A soil-foundation structure system is modeled as a 
combination of a mass-spring-dashpot system as shown in Fig. 
1. The structural mass ms is assumed to be concentrated at 
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height h above the circular footing with radius R. It can have 
horizontal, vertical and rotational motions. This mass is 
connected to the foundation mass, mf through a spring and a 
damper which are assumed to offer resistance against 
horizontal, vertical and in-plane rotational motions of the 
structure. The spring stiffness and damping coefficients are 
denoted by ksx, ksv and kθ and csx, csv and cθ respectively for 
horizontal and vertical directions and rotation. The lateral and   
 
Fig. 1. Model of the soil-foundation-structure system 
 
the vertical displacements of the structure with respect to the 
foundation are denoted by xs(t) and vs(t) respectively and the 
structure is assumed to rotate in the plane by a small amount 
θ(t). The absolute displacements of the foundation in 
horizontal and vertical directions are xf(t) and vf(t) respectively 
and it is fixed against any rotation. The soil interaction has 
been accounted for through complex valued impedance 
functions, Kx (lateral) and Kv (vertical) as shown in Figure 1. 
The whole soil-foundation-structure system is subjected to 
simultaneous action of lateral and vertical free-field seismic 
ground motions denoted by )(txg  and )(tvg  respectively. 
 
EQUATIONS OF MOTION 
 
Considering the equilibrium of structure-soil-foundation 
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Considering the equilibrium of SDOF system only in 
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 where, Qsx denotes the base shear and is defined as 
  )()( txtxKQ gfxsx                             (3) 
 
and for a soil medium with Poison’s ratio (νs) 0.33, Kx may be 









x                                         (4) 
with 
V
Ra 0                  (5) 
and 
2VGs                 (6) 
In the above equations, Gs, ρ and V represent shear modulus, 
mass density and the shear wave velocity in the soil. The 
term,  is the frequency of the input excitation and a0 is the 
dimensionless frequency parameter. On considering 
equilibrium of the structure-soil-foundation system in vertical 
direction, the following equation may be obtained 
 
0)()]()([  syfffss Qtymtytym           (7) 
 
On considering the equilibrium of only SDOF system in 
vertical direction, one may write 
 
)()()()( tvmtvKtvCtvm fsssvssvss          (8) 
 
where, Qsv denotes the vertical soil resistance and is defined as  
  )()( tvtvKQ gfvsv                                               (9) 
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where, Poison’s ratio of soil is assumed to be 0.33. 




















    (11) 
 
where, ‘h’ is the height of the centroid of the super-structure 
from the base. Assuming very small in-plane rotation of the 
SDOF system, no P-δ effect and no rotational damping of the 












           (12) 
 
where, k is the rotational stiffness of the structure and I is its 
moment of inertia equal to 
2
ssRm (Rs is the equivalent radius 
of gyration). The expressions for svsxsvsx KKCC ,,, are 
given as follows. 
 
xssx mC 2                                                              (13) 
vssv mC 2                  (14) 
2
xssx mK              (15) 
2
vssv mK             (16) 
 
In the above equations, is the ζ damping ratio of the structure 
and ωx, ωv and ωθ are respectively the natural frequencies of 
lateral, vertical and rocking vibrations of the structure. 
 
WAVELET BASED STOCHASTIC RESPONSE 
Assuming the seismic ground acceleration processes, )(txg   
and )(tvg  to have zero mean non-stationary Gaussian 
characteristics, using Littlewood-Paley (LP) basis function and 
following same procedure as stated by Chatterjee and Basu 
(2001), the system equations (1), (2), (7), (8) and (12) may be 
discretized in terms of wavelet coefficients respectively as  
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and 
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On solving these discretized equations, the following equation 
may be obtained. 
    




















                          (22) 
The frequency dependent transfer function,   sx  relating 
the horizontal displacements of the structure to the input 
seismic ground motion has the following expression. 
  
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1  sfJ                (28) 
22
2   xJ                                                       (29) 
222
1  sfxfK              (30) 
xK 22              (31) 
 2222225 1 ss RhRhK                           (32) 
2
01 65.0 xfaL                                         (33) 
2

















                                        (37) 
 
The term, γsf in above equations denotes the mass ratio which 
is the ratio of ms to mf. It may be noted here that ‘i’ represents 
the time point and ‘j’ the frequency band varying from -17 to 
+4 with   jja  , 4
1
2 and bjb j  )1( . On taking 
expectation of the square of the amplitude of both sides of 
Equation (17), integrating over ω and using orthogonality 
relationship for the LP basis function, we get  
   
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Using Parseval’s identity and time-localization property of the 
wavelet coefficients, the instantaneous power spectral density 
function of horizontal response, xs of the structure may be 
written as  
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and 
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In Equations (17), (33), (34) and (36), )(ˆ   is the wavelet 
transform of the mother LP basis function, )(t . The 
expressions of the wavelet basis function, )(t and its 











1)(ˆ  p ;    p  
                                                                        (43) 
               0                             ;   otherwise 
                
Following the guidelines laid down in Chatterjee and Basu 
(2001), Equation (39) may subsequently be used to evaluate 




For the numerical analysis, a soil-footing-structure system 
subjected to seismic exc0069tations in horizontal and vertical 
directions simultaneously has been chosen with constant 
values of υs = 0.33, ζ = 5% and h = 10 m. For the purpose of 
the analysis, the centroid of the structure is assumed to be 
equal to 0.67h and the radius of gyration (Rs) of the structure 
is assumed to be 0.3 times the centroidal distance. Thus, the 
value of Rs may be calculated as 2.01 m. The seismic ground 
motions represent the excitations due to Loma Prieta 
earthquake near Dumbarton bridge site (1988) as shown in 
Fig. 2. The ground motion has been characterized by wavelet 
coefficients as specified in Chatterjee and Basu (2001). 
Figures 3—7 show the expected largest peak lateral 
displacement response of the structure with the variation of Vs.  
 
Figure 3 shows the response for various values of ωxf  with R = 
2 m, ωx = 12.571 rad/s, ωθ = 31.429 rad/s and γsf = 5. It is seen 
that the influence of the frequency of the footing on the 
response of the structure is considerable except at very low 
(3.143, 6.286 rad/s) or very high frequencies (157.143 rad/s). 
 
Figure 4 shows the response for various values of ωθ with R = 
2 m, ωx = 12.571 rad/s, ωxf = 12.571 rad/s and γsf = 5. This 
figure clearly indicates prominent peaks for low values of 
rotational frequencies of the structure (3.143, 6.286 and 
12.571 rad/s) around Vs = 350 m/s. The response is negligible 
irrespective of the change in the structural frequency (of 
rotation) or shear wave velocity.  
 Fig. 2. Time history of seismic ground motion at Dumbarton 
Bridge site, Loma Prieta earthquake (1988). 
 
 
Fig. 3. Variation of peak lateral displacement response with 
shear wave velocity due to change in lateral natural frequency 
of the foundation 
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Figure 5 demonstrates the response for various values of R 
with ωx = 12.571 rad/s, ωxf = 12.571 rad/s, ωθ = 31.429 rad/s 
and γsf = 5. This figure also shows that for too slender (R = 0.5 
m, so height-radius ratio is 20) and very short (radius is 10 m, 
so height-radius ratio is 1) structures, the soil interaction is 
predominant only for very soft soil with Vs less than 150 m/s.   
 
 
Fig. 4. Variation of peak lateral displacement response with 




Fig. 5. Variation of peak lateral displacement response with 
shear wave velocity due to change in the footing size 
 
Figure 6 shows the response for various values of γsf with ωx = 
12.571 rad/s, ωxf = 12.571 rad/s, ωθ = 31.429 rad/s and R = 2 
m. The response is negligibly affected in case of very light 
(mass ratio 0.5) or too heavy structures (mass ratio 10) 
irrespective of any changes in shear wave velocity of the soil. 
 
 
Figure 7 shows the same response against the lateral natural 
time period, Tn (=2πωx) of the structure for various values of  
Vs with γsf = 5.0, ωxf = 12.571 rad/s, ωθ = 31.429 rad/s and R = 
2 m. The plot reveals that for very soft (Vs =50 m/s) or stiffer 
(Vs=800 or more) soils, the stiffer structure having low time 
period is mostly affected and there exists a general increasing 
 
Fig. 6. Variation of peak lateral displacement response with 
shear wave velocity due to change in ratio of structural mass 
to foundation mass 
 
 
trend of the response thereafter. The structure placed on 
moderately soft or less stiff soil (characterized by medium 
range values of Vs) undergoes considerable change of 
responses with sharp peaks for the intermediate range of the 
lateral time period of the structure. 
 
Fig. 7. Variation of peak lateral displacement response with 








The present study proposes a formulation to obtain non-
stationary response of a structure-soil-foundation system 
subjected to seismic ground motions simultaneously in 
horizontal and vertical directions using wavelet transform. The 
soil-structure interaction effects seem to be less pronounced in 
case of very soft or highly stiff soil, very short or too slender 
structure and in case of very light or too heavy foundation 
mass. For moderately flexible structures, the response is 
affected for a wider range of soil shear wave velocity. 
 
As in the present paper, only the results in horizontal 
directions are presented, there has been no need of having the 
knowledge of seismic ground motions in both lateral and 
vertical directions together. This is also evident from the 
analytical formulation presented here. In case it is necessary to 
obtain the vertical response of the structure or the foundation, 
vertical time history of ground motion would then have to be 
known beforehand. In that case it would also be necessary to 
obtain the frequency dependent transfer function,   sv  
relating the vertical displacements of the structure to the input 
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